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Abstract
The quantization of many-body systems with balanced loss and gain is investigated. Two
types of models characterized by either translational invariance or rotational symmetry
under rotation in a pseudo-Euclidean space are considered. A partial set of integrals of
motion are constructed for each type of model. Specific examples for the translational
invariant systems include Calogero-type many-body systems with balanced loss and gain,
where each particle is interacting with other particles via four-body inverse-square potential
plus pair-wise two-body harmonic terms. A many-body system interacting via short range
four-body plus six-body inverse square potential with pair-wise two-body harmonic terms in
presence of balanced loss and gain is also considered. In general, the eigen values of these two
models contain quantized as well as continuous spectra. A completely quantized spectra and
bound states involving all the particles may be obtained by employing box-normalization
on the particles having continuous spectra. The normalization of the ground state wave
functions in appropriate Stoke wedges is discussed. The exact n-particle correlation functions
of these two models are obtained through a mapping of the relevant integrals to known results
in random matrix theory. It is shown that a rotationally symmetric system with generic
many-body potential does not have entirely real spectra, leading to unstable quantummodes.
The eigenvalue problem of a Hamiltonian system with balanced loss and gain and admitting
dynamical O(2, 1) symmetry is also considered.
keywords: Quantum many-body system; Exactly solvable models; Calogero-type models;
Correlation functions; Dissipative system
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1 Introduction
Dissipation is an ubiquitous natural phenomenon. One of the simplest examples of dissipative
system is the damped harmonic oscillator with a friction term linear in velocity. Investigation
on Hamiltonian formulation of this system was undertaken by Bateman [1] more than eighty five
years ago. The Bateman’s Hamiltonian is defined in an ambient space with twice the degrees of
freedom of the original oscillator. The extra degree of freedom constitutes an auxiliary system
which is the time-reversed version of the original dissipative oscillator. Therefore, the gain due
to one oscillator is equally balanced due to the loss from the other. Neither the dissipative nor
the auxiliary oscillator alone defines a Hamiltonian system, rather it is the combination of the
two oscillators which is described by Bateman Hamiltonian. A balanced loss and gain system
is the one for which the flow preserves the volume in the position-velocity state space, although
individual particles may be subjected to gain and/or loss. Thus, the Bateman oscillator(BO) is
an example of Hamiltonian system with balanced loss and gain. The quantization of BO was
discussed in Ref.[2] with a motivation to give a macroscopic description of deep inelastic scatter-
ing. Various subtle issues and important results related to quantization of BO are discussed in
the literature [3, 4, 5, 6, 7, 8].
The BO neither admits classically stable solutions nor quantum bound states. Further, the
dynamics of the dissipative and the auxiliary oscillators are independent of each other. However,
the situation changes significantly, if an appropriate PT symmetric interaction is added to the
Bateman Hamiltonian that couples the original and the auxiliary oscillators. The resulting
system admits classically stable solutions as well as quantum bound states for some regions in
the parameter space for which the PT -symmetry is unbroken [9]. An equilibrium is reached for
the case of unbroken PT symmetry so that the amount of energy gained by one of the oscillators
is reverted back to the other at the equal rate. Similar features have been observed for a large
class of Hamiltonian systems with balanced loss and gain[10, 11, 12, 13, 14]. The experimental
results obtained in Ref. [15] in the context of whispering gallery modes are explained well by the
mathematical model of Ref. [9].
The dynamics of the particles subjected to gain and that of loss are intertwined to each
other in the examples considered in Refs. [9, 10, 11, 12, 13, 14]. Further, for the case of
unbroken PT -symmetry, equilibrium states exist for the Hamiltonian. Consequently, the concept
of auxiliary system or ambient space ceases to exist for these examples and the Hamiltonian of
Refs. [9, 10, 11, 12, 13, 14] should not be seen simply as an extended version of Bateman’s
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oscillator, rather it should be viewed in its totality as describing a new type of physical system.
This indeed is a paradigm shift in interpreting this class of system with balanced loss and
gain that is Hamiltonian. As emphasized in Ref. [14], a system with balanced loss and gain
is not always amenable to a Hamiltonian formulation without the introduction of an ambient
space or auxilliary system. Thus, this new class of Hamiltonian, where there is no hidden or
explicit auxiliary system[14], deserves a special attention and teatment from that of Bateman-
type Hamiltonian.
It should be mentioned in this context that another type of generalization of Bateman’s ap-
proach is always allowed, where a clear distinction between original and auxiliary systyems exists.
In particular, Hamiltonian formulation of dissipative nonlinear system necessitates the introduc-
tion of a ‘unidirectional coupling’ between the system and its auxiliary counterpart[13, 16]. The
coupling is unidirectional in the sense that the dynamics of the particles with loss are independent
of the dynamics of the particles with gain. However, the converse is not true and no equilibrium
state exists for the Hamiltonian. This again leads to a Hamiltonian system with balanced loss
and gain, albeit in an ambient space for which a clear distinction between the system and its
auxiliary counterpart exists. Such a formulation is useful for studying purely dissipative dynam-
ics by using known techniques associated with a Hamiltonian system like canonical perturbation
theory, canonical quantization, KAM theory etc., which is beyond the scope of the present article.
The emphasis in this article is on many-particle Hamiltonian systems with balanced loss and
gain for which no ambient space or auxiliary system is introduced. A few exactly solvable systems
with balanced loss and gain of this type are presented along with the construction of a set of
integrals of motion for each model in Ref. [12]. Stable classical solutions are obtained for a class
of systems characterized by translational invariance. However, rotationally invariant systems
under rotation in a pseudo-Euclidean space do not admit any classically stable solutions.
The Calogero-Moser-Sutherland (CMS) type of many-body problems[17, 18] are famous ex-
amples of exactly solvable models in one dimension. The CMS models and various generaliza-
tions of them have been extensively studied in the literature[19, 20, 21]. These models have
many implications in various diverse branches of physics and mathematics such as in exclusion
statistics[22], quantum chaos [23], spin chains[24], algebraic and integrable structure[25], self-
adjoint extensions[26], collective field formulation of many-particle systems[27], quantum Hall
effect[28], Tomonaga-Luttinger liquid[29] etc.. Therefore, an extension of CMS model in the
context of system having balanced loss and gain and the study of their integrability and/or exact
solvability is an obvious curiosity. The rational CMS model with balanced loss and gain has
been analyzed previously for two particles and shown to admit stable classical solutions as well
quantum bound states[11]. It appears from the analysis in Ref. [12] that the celebrated CMS
systems are not amenable to a Hamiltonian formulation for more than two particles, if these
models are generalized to include balanced loss and gain terms. However, CMS-type models
with balanced loss and gain, where particles interact with each other through pairwise four-body
inverse square plus two-body harmonic interactions were shown to admit classically stable so-
lutions. It should be mentioned that the four-body interactions in case of many-body systems
without any gain and/or loss term have been considered earlier in the literature [30, 31, 32]. The
exactly solvable quantum models of CMS-type with translational invariant two and four-body
interactions is investigated in Ref. [31] and exactly solvable four-body interaction with transla-
tional non-invariant interactions is discussed in Ref. [32]. The form of the four-body interactions
in these models are different from those presented in Ref. [12].
The purpose of this article is to consider quantization of the Hamiltonian system with bal-
anced loss and gain of Ref. [12] and investigate various aspects of these models including eigen
spectra. The quantum Hamiltonian obtained in this case has the form of the Hamiltonian de-
scribing the motion of particles on a pseudo-Euclidean plane and subjected to a uniform magnetic
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field perpendicular to the plane. Therefore, it is always possible to interpret the Hamiltonian
of a balanced loss and gain system as describing the motion of particles interacting with each
other through a potential in the background of a pseudo-Euclidean metric and is subjected to
a uniform magnetic field in specific directions, where the gain/loss parameter plays the role of
the “magnetic field”. Further, a unitary transformation may be identified which plays the role
of gauge transformation in relating a Hamiltonian describing particles in an external uniform
magnetic field in symmetric gauge to that of the same Hamiltonian in the Landau gauge. Two
classes of models characterized by their symmetry properties are considered for detail investiga-
tions: (i) transnational invariant systems and (ii) rotationally invariant systems under rotation
in a pseudo-Euclidean space endowed with the metric [g]ij = (−1)i+1δij . A duality symme-
try is introduced between two types of translational invariant systems and used to relate the
eigenspectra of these models.
The specific examples of translational invariant systems include, (i) coupled harmonic oscil-
lators, (ii) Calogero-type many-body systems with balanced loss and gain, where each particle is
interacting with other particles via four-body inverse-square potential plus pair-wise two-body
harmonic terms and (iii) a many-body system interacting via short range four-body plus six-
body inverse square potential with pair-wise two-body harmonic terms. In general, the eigen
values of these translational invariant models contain quantized as well as continuous spectra.
The box-normalization may be used on the particles having continuous spectra in order to obtain
a completely quantized spectra and bound states involving all the particles. The appropriate
Stokes wedges are identified so that the energy is bounded from below and the ground state wave
functions is normalizable. The exact n-particle correlation functions of the two Calogero-type
models are obtained through a mapping of the relevant integrals to known results in random
matrix theories.
The Lagrangian of BO is invariant under hyperbolic rotation and the corresponding quan-
tum Hamiltonian has the same symmetry. Neither classical stable states nor quantum bound
states are possible for BO. The effect of a coupling between the two oscillators of Bateman
Hamiltonian through rotationally invariant potential is worth investigating. In this context, a
rotationally symmetric Hamiltonian with generic many-body potential respecting this symmetry
is investigated in presence of balanced loss and gain. It is shown that such a system does not
admit entirely real spectra for the generic potential having rotational symmetry. Consequently,
there are quantum modes corresponding to decays and growths and the system is suitable for
describing quantum dissipation.
The BO has a dynamical SU(1, 1) symmetry which can be used to completely solve the
eigenvalue problem[6]. The oscillators of Bateman Hamiltonian may be coupled through specific
class of potentials so that dynamical SU(1, 1) symmetry is maintained. A many-body system with
balanced loss and gain and admitting dynamical O(2, 1) symmetry is considered. It is shown that
the excitations corresponding to radial degree of freedom can always be obtained analytically for a
generic many-body potential by employing the O(2, 1) symmetry. The associated eigenfunctions
are also normalizable in proper Stoke wedges. However, the solutions of the eigenvalue equation
corresponding to angular degrees of freedom depends on the specific form of the potential.
The plan of the article is as follows. In the next section, the model is introduced with a
discussion on the quantization of the system. In section 3, the exact solutions, eigen spectra and
n-particle correlations are obtained for translational invariant systems with balanced loss and
gain. The models considered in this section are, (i) coupled harmonic oscillators, (ii) Calogero-
type many-body systems with balanced loss and gain, where each particle is interacting with other
particles via four-body inverse-square potential plus pair-wise two-body harmonic terms and (iii)
a many-body system interacting via short range four-body plus six-body inverse square potential
with pair-wise two-body harmonic terms. The eigen-value problems of these three models are
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considered in sections 3.1, 3.2.1 and 3.2.3, respectively. The exact n-particle correlation functions
for the systems (ii) and (iii) are computed in sections 3.2.2 and 3.2.4, respectively. Rotationally
invariant systems are considered in section 4. Section 5 deals with systems admitting O(2, 1)
symmetry. Finally, summary and discussions of the results are presented in section 6.
2 Quantization of classical Hamiltonian
A system with balanced loss and gain is the one for which the flow preserves the volume in
the position-velocity state space, although individual particles may be subjected to gain and/or
loss. This also implies that all such systems are closed. In general, many-particle systems
with balanced loss and gain and interacting via an arbitrary potential may not be amenable to
Hamiltonian formulation[14]. A few examples of Hamiltonian systems with balanced loss and gain
were considered in the literature on case-by-case basis in the context of PT symmetric systems
[9]. Existence of equilibrium states and phase-transitions involving broken and unbroken phases
of PT symmetry are interesting features of these Hamiltonian systems. Recently, a Hamiltonian
formulation of generic many-body systems having balanced loss and gain is presented in Ref.[12].
Several exactly solved models, including a class of CMS-type models with four-body inverse-
square and two-body harmonic interactions, have been introduced with explicit construction
of their classical solutions[12]. It should be mentioned here that the Hamiltonian for all these
solvable models is defined on the physical space and there is no ambient space or auxiliary system.
Quantization of these systems with balanced loss and gain will be discussed in this section.
Apart from describing certain general results, eigen spectra of CMS-type N -body problems with
balanced loss and gain will be discussed in some detail.
The general form of a Hamiltonian describing a balanced loss and gain system is presented
in Ref. [12]. For a particular representation of the matrices M,R,D as described in Ref. [12],
the Hamiltonian describing a balanced loss and gain system with N = 2m number of particles
may be written in the following form:
H =
m∑
i=1
[
2p2i−1p2i + γ(x2i−1p2i−1 − x2ip2i)− γ
2
2
x2i−1x2i
]
+ V (xi), (1)
where γ is the gain/loss parameter and V (xi) is the potential. A detail investigation on related
issues like how this system represents a balanced loss and gain and various generalizations of
the system described by the Hamiltonian (1) may be found in Refs. [12, 13, 14]. The BO is
reproduced[1] for m = 1 and V = ω
2
2 x1x2. A generalization of these results to arbitrary m is
straightforward. The Hamiltonian for this case corresponds to m copies of Bateman oscillators.
The quantum problem for the case m = 1 has been studied in detail[3, 4, 5, 6, 7, 8] and no bound
states can be found. The equations of motion resulting from the H decouple into two differential
equations, one with decaying solution and the other with growing solution. The Hamiltonian
system does not admit any classically stable solutions. However, stable classical solutions are
possible for several choices[9, 10, 15, 12] of V , including many-particle Calogero-type models.
Quantization of systems admitting classically stable solutions will be discussed in some detail.
It is known that the Hamiltonian H in Eq. (1) can always be reformulated in the background of
a pseudo-Euclidean metric[12] with the introduction of a new coordinate system:
z−i =
1√
2
(x2i−1 − x2i) , z+i =
1√
2
(x2i−1 + x2i) , i = 1, 2, . . .m. (2)
The new co-ordinate system is related to the old one through an orthogonal transformation with
the associated orthogonal matrix given by, Oˆ = 1√
2
[Im ⊗ (σ1 + σ3)] , where Im is the m × m
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identity matrix and σ1, σ3 are Pauli matrices. The Hamiltonian in new coordinates takes the
following form:
H =
m∑
i=1
[
(P 2
z
+
i
− P 2
z
−
i
) + γ
(
z+i Pz−
i
+ z−i Pz+
i
)
− γ
2
4
{
(z+i )
2 − (z−i )2
}]
+ V (z+i , z
−
i ). (3)
The terms linear in γ are components of angular momentum operators in the pseudo-Euclidean
metric gij = (−1)i+1δij . The Hamiltonian has the standard form in the background of the
pseudo-Euclidean metric.
The canonical quantization of the classical Hamiltonian (3) is achieved by considering the
classical variables Pz+
j
, Pz−
j
, z+j , z
−
j as operators satisfying the commutation relations[
z+j , Pz+
j
]
= i,
[
z−j , Pz−
j
]
= i. (4)
All other commutators involving Pz+
j
, Pz−
j
, z+j , z
−
j are taken to be zero. The co-ordinate repre-
sentation of the operators Pz+
j
and Pz−
j
are obtained as follows:
Pz+
j
:= −i∂z+
j
, Pz−
j
:= −i∂z−
j
. (5)
With the introduction of the operators,
Πz±
i
:= Pz±
i
−A±i = −i∂z±
i
± γ
2
z∓i , A
±
i := ∓
γ
2
z∓i , (6)
the quantum Hamiltonian Hˆ has the following expression:
Hˆ =
m∑
j=1
[(
P 2
z
+
j
− P 2
z
−
j
)
+ γ
(
z+j Pz−
j
+ z−j Pz+
j
)
− γ
2
4
(
(z+j )
2 − (z−j )2
)]
+ V (z−j , z
+
j ) (7)
=
m∑
i=1
[(
Πz+
i
)2
−
(
Πz−
i
)2]
+ V (z−j , z
+
j ), (8)
where Pz−
j
, Pz+
j
should be understood as operators defined by Eq.(5). The operators Πz±
i
satisfy
the following relations:[
Πz−
i
,Πz−
j
]
= 0,
[
Πz+
i
,Πz+
j
]
= 0,
[
Πz−
i
,Πz+
j
]
= −iγδij. (9)
It is interesting to note that the Hamiltonian Hˆ has the form of a Hamiltonian describing the
motion of particles on a pseudo-Euclidean plane and subjected to a uniform magnetic field along
a direction perpendicular to the plane. Therefore, the Hamiltonian Hˆ can be interpreted as
describing a system of 2m particles interacting with each other through the potential V (z−i , z
+
j )
in the background of a pseudo-Euclidean metric gij = (−1)i+1δij and is subjected to a uniform
“magnetic field” γ in the perpendicular directions of each plane ‘z−i −z+i ’. This analogy is helpful
in using the existing terminologies for systems with magnetic field to decribe different physical
situations described by Hˆ . In particular, the operators A±i have the form of vector potentials
in the symmetric gauge producing uniform magnetic field for each ‘i’. A unitary transformation
may be used to express Hˆ in the Landau gauge. In particular,
S := exp

 iγ
2
m∑
j=1
z+j z
−
j

 ,
6
HˆL1 = S
−1HˆS =
m∑
i=1
[(
Pz+
i
+ γz−i
)2
− P 2
z
−
i
]
+ V (z−j , z
+
j ),
HˆL2 = SHˆS
−1 =
m∑
i=1
[
P 2
z
+
i
−
(
Pz−
i
− γz+i
)2]
+ V (z−j , z
+
j ). (10)
There is no realistic magnetic field in the system and the origin of gauge degrees of freedom
should be explained. In fact, this is related to the fact that the Lagrangian corresponding to Hˆ,
HˆL1 and HˆL2 differ by total derivative terms. It may be noted that the concept of analogous
vector potential and associated uniform magnetic field has been discussed previously[33] in the
context of BO. The vector potentials A±i are appropriate generalizations for the many-body
interacting systems with balanced loss and gain. The concept of different gauge choices, like the
symmetric and Landau gauge, in the context of systems with balanced loss and gain is new, which
has not appeared in the literature previously. The quantum problem is analyzed in this article
for two classes of potentials, (i) translational invariant potentials and (ii) rotationally invariant
potentials. The symmetric gauge Hamiltonian Hˆ will be used throughout this article including
rotationally invariant systems, except for section 3, where the systems with translational invariant
Hamiltonian are suitably described in terms of the Landau gauge Hamiltonian HˆL1 and HˆL2 .
In fact, the box normalization for translational invariant systems with Hˆ is problematic. The
imposition of the periodic boundary condition on the wave-function of Hˆ leads to inconsistent
and non-physical results. This is an example of the fact that classical Lagrangian differing by
a total time derivative term may not lead to the same quantum theory, although the classical
dynamics for the two cases are identical. Thus, the correct route to quantize a translational
invariant classical system with balanced loss and gain is to start with the Lagrangian that lead
to HˆL1 or HˆL2 , instead of starting from the Lagrangian L corresponding to Hˆ and following the
sequence L ⇒ Hˆ ⇒ HˆL1(HˆL2).
The parity P and time-reversal symmetry T are defined as,
P : z+i → −z+i , z−i → z−i , Pz+
i
→ −Pz+
i
, Pz−
i
→ Pz−
i
,
T : z+i → z+i , z−i → z−i , Pz+
i
→ −Pz+
i
, Pz−
i
→ −Pz−
i
. (11)
The parity transformation defined by Eq. (11) has a proper geometrical interpretation provided
the Hamiltonian Hˆ is identified as describing a system of m particles in two dimensions char-
acterized by z−i , z
+
i coordinates. The terms quadratic in the canonical momenta Pz±
i
in Hˆ are
invariant under the parity P and the time-reversal symmetry T , separately. The same is true for
the terms quadratic in the co-ordinates z±i . However, P and T symmetries are broken individu-
ally for each term linear in γ with the effect of a change in overall minus sign. Thus, the terms
linear in γ are invariant under the combined PT -transformation. The operators Πz±
i
→ ±Πz±
i
under PT transformation. The potential V being real is invariant under T transformation for
its generic form. The PT -symmetry of the Hamiltonian H thus reduces to P-symmetry of the
potential. The potential is P-symmetric provided the following condition is satisfied:
V (z−i , z
+
i ) = V (z
−
i ,−z+i ). (12)
It is interesting to note that for V = V (z−i ), Eq. (12) is automatically satisfied and the potential
admits a translational symmetry for translation along all z+i directions. The potentials considered
in the next section are of this type and therefore allow both translation and parity-time reversal
symmetries. It should be emphazied that there is no relation between the translation symmetry
and the P-symmetry, rather the condition (12) is automatically satisfied by translational invariant
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potential. The similarity operator S is invariant under the combined PT transformation, leading
to the relations,
[Hˆ,PT ] = 0⇒ [HˆL1 ,PT ] = 0, [HˆL2 ,PT ] = 0, (13)
which implies invariance of HˆL1 and HˆL2 under the same transformation.
The parity transformation is not unique and a second choice of parity transformation P1 is
as follows:
P1 : z+i → z+i , z−i → −z−i , Pz+
i
→ Pz+
i
, Pz−
i
→ −Pz−
i
. (14)
The Hamiltonian Hˆ or equivalently HˆL1 (HˆL2) are P1T invariant provided,
V (z−i , z
+
i ) = V (−z−i , z+i ). (15)
For V = V (z+i ), Eq. (15) is automatically satisfied and the potential admits a translational
symmetry for translation along all z−i directions. The operator S is P1T invariant, while P1T :
Πz±
i
→ −Πz±
i
. The Hamiltonian is invariant under both PT as well as P1T provided V is an
even function of its arguments,
V (z−i , z
+
i ) = V (−z−i ,−z+i ). (16)
It may be noted that Hˆ can also be interpreted as describing a system of 2m particles in one di-
mension or a single particle inN = 2m dimensions. The parity transformation for the former case
is unique, P0 : z±i → −z±i , Pz±
i
→ −Pz±
i
, and Hˆ is not invariant under P0T . The parity trans-
formation PN in N = 2m dimensions may be defined as, PN : Z →WZ,PZ →WPZ , where W
is a 2m× 2m orthogonal matrix with determinant −1 and ZT ≡ (z+1 , . . . , z+m, z−1 , . . . , z−m), PTZ ≡
(Pz+
1
, . . . , Pz+m , Pz−1
, . . . , Pz−m). The Hamiltonian Hˆ can be rewritten as,
Hˆ = PTZGPZ + γZ
TRPZ − γ
2
4
ZTGZ + V (z+i , z
−
i ), (17)
where G := σ3 ⊗ Im, R := σ1 ⊗ Im. Hˆ is PNT invariant provided,
[W,G] = 0, {W,R} = 0, [V,PNT ] = 0. (18)
For odd m, the choice W = G allows to identify PN = P1, while W = −G gives PN = P . A
more general choice for odd m is W := σ3⊗Q, where Q is an m×m orthogonal matrix with unit
determinant and can be represented in terms of m dimensional rotation matrices. For even m,
it appears that an orthogonal matrix W with determinant −1 satisfying (18) can not be found.
Thus, PNT -invariant Hamiltonian Hˆ is not possible in N = 4m dimensions. It appears that the
interpretation of Hˆ as describing a system of m particles in two dimensions is more appropriate
than the others from the viewpoint of PT symmetry. It is known that classical stable solutions
and quantum bound states are obtained in systems with balanced loss and gain in the unbroken
PT regime [9, 10, 11, 12]. In this article, only PT symmetric many-body systems with balanced
loss and gain will be considered.
Few comments are in order before the end of this section. The Schwinger-Keldysh formalism is
being used in the context of non-equilibriummany-body systems in a variety of contemporary top-
ics like driven open quantum systems[34, 35, 36], time-dependent density-functional theory[37],
relativistic hydrodynamics, physics of black-holes, dynamics of entanglement in quantum field
theory etc.[38]. It has been shown recently that the Schwinger-Keldysh action at thermodynamic
equilibrium is invariant under time-reversal plus time-translation transformations[35, 36, 39].
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This result is worth comparing with that of the systems with balanced loss and gain, where an
equilibrium is reached in regard to energy transfer between the system and the bath for unbroken
PT symmetry[9, 10, 11]. The invariance under time-translation generates unitary time-evolution
and the symmetry is present for both Schwinger-Keldysh action at thermodynamic equilibrium as
well as for Hˆ and similar models[9, 10, 11]. However, the Schwinger-Keldysh action at thermody-
namic equilibrium is invariant under time-reversal symmetry, whereas unbroken PT symmetry is
essential for the existence of quantum bound states[9, 10, 11]. It is shown within this context that
the PT symmetry of a many-body two dimensional system embedded in three dimensions may
also be identified as a non-conventional time-reversal symmetry Tˆǫ in three dimensions[40, 12]:
Tˆǫ = exp(iǫπ
m∑
i=1
Jz−
i
) T , ǫ = ±1, (19)
where Jz−
i
denotes generator of rotation for the i-th particle around z−i -axis. The canonical
transformations generated by PT (P1T ) and Tˆ1(Tˆ−1) on z±i and Pz±
i
are identical. The standard
argument that [h,PT ] = 0 implies that Hamiltonian h admits entirely real spectra for unbroken
PT symmetry is also valid if PT is substituted with Tˆǫ. Further, nontrivial non-hermitian
potentials invariant under Tˆǫ may be chosen as in the case of systems with PT symmetry. Thus,
it is a matter of choice to identify the symmetry as PT or Tˆǫ. In this article, the notion of PT
symmetry will be followed.
In quantum mechanics, the conventional time reversal symmetry may be replaced with an
anti-unitary symmetry in order to describe a realistic system. For example, a hydrogen atom
in a constant magnetic field is not invariant under the conventional time-reversal symmetry.
However, the same Hamiltonian is invariant under a non-conventional time-reversal symmetry
[40]. The operator Tˆǫ in Eq. (19) defines such a non-conventional anti-unitary symmetry for the
systems considered in this article.
3 Translational Invariant Hamiltonian
In this section, translational invariant systems are considered. The Hamiltonian HˆL1 in Eq. (10)
has translational invariance for VL1 ≡ V ({z−i }) under the transformationL1 : z+i → z+i +ηi, z−i →
z−i , where ηi’s are m arbitrary constants. A translation of each co-ordinate x2i−1 → x2i−1 +
ηi
2 , x2i → x2i+ ηi2 generates the transformation L1. The conserved quantities Pz+i corresponding
to this symmetry are in involution,
[HˆL1 , Pz+
i
] = 0, [Pz+
i
, Pz+
j
] = 0. ∀ i, j, (20)
and may be identified as m integrals of motion. This implies that the system having N = 2m
numbers of degree of freedom is at least partially integrable. In order to explore possible complete
integrability of HˆL1 , explicit form of the potential VL1 needs to be specified. Note that VL1 and
hence, HˆL1 is PT symmetric due to the condition (12).
The Hamiltonian HˆL2 in Eq. (10) has translational invariance for VL2 ≡ V ({z+i }) under the
transformation L2 : z
+
i → z+i , z−i → z−i + ηi. The transformations x2i−1 → x2i−1 + ηi2 , x2i →
x2i − ηi2 generates the transformation L2. As in the case of HˆL1 , the existence of m integrals of
motions Pz−
i
implies HˆL2 is at least partially integrable. The potential VL2 and HˆL2 are P1T
symmetric due to the condition (15). There exists a duality transformation between translational
invariant HˆL1 and HˆL2 . In particular,
z−i ↔ z+i , Pz−
i
↔ Pz+
i
, γ ↔ −γ, VL1 ↔ −VL2 ⇒ HˆL1 ↔ −HˆL2 . (21)
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The duality transformation may be used to relate the eigenspectra of HˆL1 with HˆL2 and vice
verse. In particular, if χ({z−k , z+k }) is an eigenstate of HˆL1 with eigenvalues EL1 , then HL2
has the eigenvalues −EL1 and the eigenstates χ({z+k , z−k }). Although the functional forms of
the potentials VL1 and VL2 are identical, they correspond to entirely different physical systems,
when expressed in terms of the original coordinates xi. In fact, HˆL1 and HˆL2 are not related to
each other through any similarity transformation for non-vanishing VL1 and VL2 . In this article,
the eigenvalue problem of HˆL1 will be studied in some detail. The eigenvalues and eigenspectra
of HˆL2 will be determined by using the duality symmetry.
It is always possible to choose a basis such that simultaneous eigen states of HˆL1 and Pz+
i
are constructed, since HˆL1 and Pz+
i
commute. The eigen function of the operator Pz+
j
having
the continuous eigen value kj , is of the following form:
χ({z−k , z+k }) = ψ({z−k }) exp

i m∑
j=1
z+j kj

 , (22)
where ψ({z−k }) is a function of the co-ordinates z−k only. Substituting (22) in the time indepen-
dent Schrodinger equation,
HˆL1χ = Eχ, (23)
the following equation is obtained:
m∑
j=1
[
∂2
z
−
j
+ γ2
(
z−j +
kj
γ
)2]
ψ + VL1(z
−
j )ψ = Eψ. (24)
The original eigenvalue problem is defined in terms of 2m independent co-ordinates (z−i , z
+
i ).
However, the Eq. (24) involves only m co-ordinates z−i . The decoupling of m co-ordinates z
+
i
from the eigenvalue equation is due to the judicious choice of the wave-function χ in Eq. (22).
With the introduction of a new co-ordinate,
z˜j = z
−
j +
kj
γ
, (25)
the Eq. (24) can be rewritten as an eigenvalue equation in terms of an effective Hamiltonian
Heff and energy Eeff . In particular,
Heffψ = Eeffψ, (26)
where,
Heff = −
m∑
j=1
∂2z˜j + Veff , Veff = −γ2
m∑
j=1
z˜2j − VL1(z˜j), Eeff = −E. (27)
Thus, if the eigenvalue equation (26) in terms of the effective Hamiltonian with m degrees of
freedom is exactly solved for specific choices of VL1 , the same is true for the Hamiltonian HL1
with 2m degrees of freedom. It should be mentioned here that for VL1 = 0, the Eq. (27) decouples
into m second order differential equations, where each equation describes eigen value equation
of an “inverted harmonic oscillator” with shifted origin. No bound states are possible for this
case. However, proper choices of VL1 can convert the “inverted harmonic oscillator” to simple
harmonic oscillator plus some desirable interactions. A few such examples are discussed below.
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3.1 Simple Harmonic Oscillator
For the choice of the potential,
VL1(z
−
i ) = −
ω2
2
m∑
i=1
(z−i )
2, (28)
and γ2 6= ω2, Eq. (24) can be re-written as,
m∑
j=1
[
−∂2zj +Ω2z2j
]
ψ = (−E˜)ψ,
Ω2 =
1
2
(ω2 − 2γ2), E˜ = E −
m∑
j=1
ω2k2j
2Ω2
, zj = z
−
j −
γkj
Ω2
. (29)
The modified angular frequency Ω = ±
√
ω2−2γ2
2 can take positive as well as negative values.
As will be seen later, the normalization of the wave-function requires Ω < 0. This is related
to the fact that the eigen-value equation of a simple harmonic oscillator is different from that
of first equation in Eq. (29) due to the appearance of a negative sign in the right hand side of
this equation. The reality of Ω is ensured for − ω√
2
≤ γ ≤ ω√
2
. For m = 1, the Hamiltonian
H actually describes a Bateman oscillator with a coupling term of the form −ω24 (x21 + x22) =
−ω24 [(z−1 )2 + (z+1 )2], which has been considered previously[9]. In fact, a choice of the parameter
ǫ = −ω2 in Eq. (4) of Ref. [9] reduces to the model under consideration in this section. The
choice of the parameter corresponds to broken PT regime and it should be mentioned here
that the specific type of solutions presented for this model in this article have not been discussed
previously in the literature. Further, the normalization of wave-functions for both the long-range
and short-range Calogero-type models with confining harmonic term is similar to the case of pure
harmonic oscillators. Thus, the present example will also be used to explain the normalization
scheme for Caloger-type models to be discussed in next sections.
The first equation of Eq. (29) is separable into eigenvalue equations of m oscillators with
frequency Ω. The eigenvalues and eigenfunctions are,
E{ni},{ki} =
m∑
i=1
[
−
(
ni +
1
2
)
2Ω +
ω2k2i
2Ω2
]
, {ni} ∈ N∗, {ki} ∈ ℜ,
χ{ni},{ki} =
(
Ω
π
)m
4
m∏
i=1
1√
2nini!
Hni(
√
Ωzi) exp

−Ω
2
m∑
i=1
z2i + i
m∑
j=1
z+j kj

 , (30)
where Hni(
√
Ωzi) is the Hermite polynomial. The energy E{ni},{ki} is bounded from below and
positive definite for Ω < 0. The asymptotic nature of χ is given by
χ ∼ exp[−Ω
2
m∑
i=1
z2i + i
m∑
j=1
z+j kj ] (31)
and is not normalizable along the real zi lines for Ω < 0. It is required to fix the proper
Stoke wedges in order to have normalizable solutions. For Ω < 0, in Eq. (31) the first term
in the exponential becomes Ω2
∑m
i=1 z
2
i . An extension of the zi, ∀ i, in complex plane gives
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∑m
i=1 z
2
i =
∑m
i=1 cos(2θi) + i sin(2θi). For normalizable solution the real part of
∑m
i=1 z
2
i should
be negative, i.e.
m∑
i=1
cos(2θi) < 0. (32)
A possible solution of which may be obtained for θi = θ, ∀ i. In this case, Re(
∑m
i=1 z
2
i ) =
m cos(2θ). Therefore, the exponential part containing
∑m
i=1 z
2
i vanishes in a pair of Stoke
wedges with opening angle π2 and centered about the positive and negative imaginary axes
in the complex zi-planes. It should be mentioned that the Stoke wedge for which the wave func-
tion is normalizable is not unique. Any possible solution satisfying condition (32) gives a Stoke
wedge in which the wave function is normalizable. For example, for m = 2, one needs to have
cos(2θ1) + cos(2θ2) < 0 in order to get a normalizable solution. One possibility of achieving this
is to take both cos(2θ1) and cos(2θ2) negative. In this case the Stoke wedge for each complex
zi planes are as discussed above. Another possibility is to take cos(2θ1) negative and cos(2θ2)
positive but | cos(2θ1)| > | cos(2θ2)|. Now, cos(2θ1) is negative for θ1 in the ranges π4 < θ1 < 3π4
and 5π4 < θ1 <
7π
4 and cos(2θ2) is positive for θ2 in the ranges
−π
4 < θ2 <
π
4 and
−5π
4 < θ2 <
5π
4 .
In order to have normalizable solutions one may take values of θ1 and θ2 from the specified ranges
such that condition (32) is satisfied.
Another issue of normalization arises because of the plane-wave nature of the wave-function
in z+i directions. The system is not normalizable unless it is bounded along the z
+
i , ∀ i directions.
In order to address this issue the system is assumed to be bounded within the length L along
z+i , ∀ i directions with a periodic boundary condition χ(z+i +L, zi) = χ(z+i , zi). This boundary
condition necessitates the quantization of kj =
2π
L
lj , lj = 0,±1,±2, . . . . The energy eigenvalues
in Eq. (30) contain discrete as well as continuous spectra. After the box normalization, the
energy gets completely quantized,
E{ni},{mi} =
m∑
i=1
[
−
(
ni +
1
2
)
2Ω +
2π2ω2l2i
L2Ω2
]
, {ni, li} ∈ N∗, Ω < 0. (33)
The same normalization scheme, i.e. (i) fixing the Stoke wedge and (ii) employing box normal-
ization along z+i coordinates, will be used for the CMS-type long-range as well as short-range
models considered in section 3.2.
The eigenvalue problem of HˆL2 with the potential
VL2(z
+
i ) =
ω2
2
m∑
i=1
(z+i )
2, (34)
can be studied by using the duality transformation (21). The potential corresponds to the choice
of the parameter ǫ = ω2 in Eq. (4) of Ref. [9] and the system is in broken PT regime. The
energy eigenvalues and eigenfunctions of HˆL2 are found using Eq. (21) as,
E{ni},{ki} =
m∑
i=1
[(
ni +
1
2
)
2Ω− ω
2k2i
2Ω2
]
, {ni} ∈ N∗, {ki} ∈ ℜ,
χ{ni},{ki} =
(
Ω
π
)m
4
m∏
i=1
1√
2nini!
Hni(
√
Ωz˜+i ) exp

−Ω
2
m∑
i=1
(z˜+i )2 + i
m∑
j=1
z−j kj

 , (35)
with z˜+i = z
+
i +
γkj
Ω2 . The wave-function is normalizable along the real axis for Ω > 0. However,
the eigenvalue is neither bounded from below nor from above. On the other hand, the eigenvalue
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is bounded from above for Ω < 0 and the wave-function is normalizable in the same Stoke wedges
as in the case of VL1 in Eq. (28). Thus, the Hamiltonian −HˆL2 has a well-defined ground-state
with normalizable wave-function. Further, the box-normalization may be used to obtain complete
spectra.
3.2 Rational CMS-type many-body systems
The BO describing a balanced loss and gain system in a harmonic well and without any coupling
does not allow classical stable solutions. However, stable classical solutions can be obtained for
various choices of the potential V in (1) [9, 10, 15, 11, 12]. In Ref. [12] a many particle model
with four-body interaction in one dimension in the presence of balanced loss and gain terms is
introduced and its exact stable classical solutions are obtained. The purpose of this section is
to discuss the quantization and to find exact solutions of some of the Calogero-type many-body
systems in the presence of balanced loss and gain. In particular, the quantization of a many-body
system with balanced loss and gain and are interacting via four-body inverse square potential
plus pair-wise two-body harmonic term is considered. In z−i coordinate this potential takes the
following form:
VI(z
−
i ) = −
ω2
2
m∑
i=1
(z−i )
2 −
m∑
i,j=1
i<j
g
(z−i − z−j )2
. (36)
Apart from a negative sign, the potential in Eq. (36) is the reminiscent of rational CMS model
describing a one dimensional many-particle system interacting with each other via a long range
inverse square potential and are confined by a common harmonic potential. This potential is
exactly solvable and can be mapped to a set of free harmonic oscillators[41]. The inverse square
part of the potential remains invariant under any constant shift of the coordinates z−i . It should
be noted that the potential (36) in transformed z−i coordinates admits a permutation symmetry
which is partly lost, when it is expressed in terms of the original coordinates xi:
VI =
m∑
i=1
−ω
2
4
(x2i−1 − x2i)2 −
m∑
i,j=1
i<j
2g
(x2i−1 − x2i − x2j−1 + x2j)2 . (37)
Many-body systems with four-body interaction have been considered earlier. For example, the
exactly solvable quantum models of CMS-type with translational invariant two and four-body in-
teractions is investigated in Ref. [31] and exactly solvable model with translational non-invariant
four-body interaction is discussed in Ref. [32]. The most general four-body inverse-square inter-
action for a many-particle system with 2m number of particles has the form[30]:
V4 =
2m∑
i,j,p,q=1
i6=j 6=p6=q
g
(xi − xj − xp + xq)2 . (38)
This potential admits a permutation symmetry and remains invariant under all the operations
of a permutation group S2m. On the other hand, the potential VI is not invariant under all the
operations of a permutation group S2m. However, if we map each pair of particles (x2i−1, x2i), i =
1, . . . ,m to one element of a permutation group Sm, then VI remains invariant under all the
operations of the permutation group Sm and obviously this forms a subgroup of the larger group
S2m. It may be recalled that the Hamiltonian formulation of generic many-body systems with
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balanced loss and gain is possible, only when the balancing of loss and gain terms occurs in a
pair-wise fashion. A set of pairs (x2i−1, x2i), i = 1, . . . ,m is chosen in this article out ofm(2m−1)
number of possible sets of pairs. The union of elements of Sm corresponding to each such set
gives all the elements of S2m.
The potential VI is singular at m(m − 1)/2 points. The configuration space is divided into
m(m−1)
2 disjoint sectors. The standard approach is to solve the eigen-value equation in the one of
the sectors, say z−1 < z
−
2 < · · · < z−m, and then use the permutation symmetry of the Hamiltonian
to extend the solutions to all the sectors of the configuration space. The Hamiltonian HˆL is not
invariant under permutation symmetry of S2m. However, the effective Hamiltonian is invariant
under permutation symmetry under the operations of Sm, since z
+
i degrees of freedom decouples
completely. Thus, the same approach as in the case of rational CMS model may be taken for VI
also.
The second CMS-type model considered in this section has the following potential:
VII(z
−
i ) = −
ω2
2
m∑
i=1
(z−i )
2 −
m−1∑
i=1
2g
(z−i − z−i+1)2
+
m−1∑
i=2
2G
(z−i−1 − z−i )(z−i − z−i+1)
. (39)
The potential VII describes short-range nearest-neighbour and next-to-nearest neighbour inter-
actions that was introduced and studied in Ref. [42]. The model is not completely solvable.
However, infinitely many exact states can be obtained analytically. The ground-state wave-
function is related to the joint probability density function of the eigenvalues of short-range
Dyson models[42]. The potential VII , when expressed in xi coordinates, describes short-range
four-body and six-body inverse-square interactions in presence of pair-wise harmonic confine-
ment.
3.2.1 Solution for VI
For the potential VI in Eq. (36) and with kj = k ∀ j, Eq. (24) reduces to the following form:
m∑
j=1
(
−∂2zj +Ω2z2j
)
ψ +
m∑
i,j=1
i<j
g
(zi − zj)2
ψ = −E˜ψ. (40)
The Eq. (40) takes the form of a many body system interacting via an inverse-square two-body
potential in a harmonic well[18] with angular frequency Ω. The solutions are taken to have the
following form:
ψ =
m∏
i,j=1
i<j
(zi − zj)λφ(r)Pl(z), r2 =
m∑
i=1
z2i , λ =
1
2
[1 + (1 + 4g)
1
2 ], (41)
where Pl(z1, . . . , zm) is a homogeneous polynomial of degree l ≥ 0 satisfying the generalized
Laplace equation[17]. The normalizable solution of ψ(r) has the following form[18]:
φn(r) = exp [−1
2
Ωr2]Lbn[Ωr
2], n = 0, 1, 2, 3... (42)
with Lbn being the Laguerre polynomial and b =
−E˜
2Ω − 2n− 1. The energy eigenvalues are[18]
E = −2Ω[2n+ l + 1
2
m+
λ
2
m(m− 1)] + mk
2ω2
2Ω2
. (43)
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The energy eigenvalues become negative and unbounded from below in the k = 0 sector, unless
Ω < 0. This in turn necessitates the normalization of the wave functions in proper Stoke wedges.
Since, the asymptotic form of the total wave function χ for the potential VI is given by Eq. (31)
with kj = k∀ j, its normalization in proper Stoke wedges is the same as considered at the end
of section-3 for the case of simple harmonic oscillators. The eigenvalues consists of discrete as
well as continuous spectra. The box-normalization may be used to confine the particles with
continuous spectra within a length L along their co-ordinates. The momentum vector k gets
quantized and the energy E has the expression,
E = −2Ω[2n+ l + 1
2
m+
λ
2
m(m− 1)] + 2mπ
2ω2i2
L2Ω2
, Ω < 0, i = 0, 1, 2, . . . . (44)
It may be noted that this is not the complete spectra due to the assumption kj = k∀ j. It is not
apparent whether or not analytical eigen spectra may be obtained for VI with m independent
kj ’s.
The eigenvalue problem of HˆL2 for the potential VL2(z
+
i ) = −VI(z+i ) can be studied by using
the duality transformation (21). In xi coordinates the potential VL2 has the following form
VL2(xi) =
m∑
i=1
ω2
4
(x2i−1 + x2i)2 +
m∑
i,j=1
i<j
g
2(x2i−1 + x2i − x2j−1 − x2j)2 . (45)
It is evident that although the functional form of VL2 and VI(z
−
i ) are same, they correspond to
entirely different physical systems when expressed in the coordinates xi. The energy spectra for
the eigenvalue problem of HˆL2 for the potential VL2(z
+
i ) = −VI(z+i ) is given by
E = 2Ω[2n+ l +
1
2
m+
λ
2
m(m− 1)]− mk
2ω2
2Ω2
. (46)
The eigenvalue is bounded from above for Ω < 0 and the wave-function is normalizable in the
complex z+i planes in the same Stoke wedges as in the case of VI(z
−
i ) ensuring that the Hamil-
tonian HˆL2 has a well-defined ground-state with normalizable wave-function for the potential
VL2(z
+
i ). In this case the box-normalization may also be used to obtain complete spectra as
discussed for the Hamiltonian HˆL1 with the potential VI(z
−
i ).
3.2.2 Correlation functions for the potential VI
The ground state wave function for the potential VI is given by:
χ ∼
m∏
i,j=1
i<j
|zi − zj |λ exp

−Ω
2
m∑
j=1
z2j

 , (47)
and χ is independent of z+i . A scale transformation yi =
√
Ω
λ
zi of zi coordinates gives
|χ|2 = C
m∏
i,j=1
i<j
|yi − yj |2λ exp

 m∑
j=1
−λy2i

 , (48)
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where C is the normalization constant and is given by
C−1 =
∫ ∞
−∞
......
∫ ∞
−∞
| χ(y1, ...ym) |2
m∏
i=1
dyidz
+
i . (49)
Since, Ω < 0 and λ > 0, the scale transformation yi =
√
Ω
λ
zi also involves a rotation by
π
2 in
the complex zi plane which takes care that all the relevant integrations are carried out in proper
Stoke wedge. It should be noted that the system is not normalizable unless it is bounded along
the z+i , ∀ i directions. It is assumed that the system is bounded within the length L along z+i , ∀ i
directions. The expression for C may now be written as[18]:
C =
[Γ(1 + λ)]m
Lm(2π)
1
2
m(2λ)−
1
2
m− 1
2
λm(m−1)∏m
j=1 Γ(1 + λj)
. (50)
The constant C vanishes in the limit L → ∞, since the particles in z+i directions are no more
confined. The n-particle correlation function for the model VI in the xi coordinate may be defined
as:
Rn(x1, x2, .....xn) =
N !
(N − n)!
∫ ∞
−∞
......
∫ ∞
−∞
| χ(x1, x2, ...., xN ) |2
N∏
i=n+1
dxi, n < N. (51)
It should be noted that the coordinate transformation (2) maps the original problem of many-
body systems with balanced loss and gain and are interacting via four-body inverse square
potential plus pair-wise two-body harmonic term to the rational CMS model with a common
harmonic confinement. Therefore, it is expected that the correlation functions of Eq. (51) can
be mapped to the correlation function corresponding to the rational CMS model with a common
harmonic confinement. However, due the special nature of the transformation (2), only the even
2n point correlation functions of Eq. (51) in xi coordinate can be mapped to the rational CMS
model. In particular, Eq. (51) may be rewritten as:
R2n(x1, x2, ..., x2n) =
N !
(N − 2n)!
∫ ∞
−∞
......
∫ ∞
−∞
| χ(x1, x2..., xN ) |2
m∏
i=n+1
dx2i−1dx2i, n < m. (52)
which after the coordinate transformation of the form (2) takes the following form:
R2n =
N !
(N − 2n)!
∫ ∞
−∞
......
∫ ∞
−∞
| χ(z+1 , ...z+m, z−1 , ...z−m) |
2
m∏
i=n+1
dz+i dz
−
i . (53)
Since |χ|2 is independent of z+i coordinates, Eq. (53), after integrating over the z+i variables
takes the following form:
R2n =
N !Lm−n
(N − 2n)!
∫ ∞
−∞
......
∫ ∞
−∞
| χ(z−1 , ...z−m |
2
m∏
i=n+1
dz−i . (54)
Substituting the expression for |χ|2 from Eq. (48), the following Eq. is obtained
R2n =
CN !Lm−n
(N − 2n)!
∫ ∞
−∞
...
∫ ∞
−∞
m∏
i,j=1
i<j
|yi − yj |2λ exp

 m∑
j=1
−λy2i

 m∏
i=n+1
dyi. (55)
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The right hand side of Eq. (55), apart form a multiplicative factor, gives the 2n-particle corre-
lation function for rational CMS model with a common harmonic confinement. For n = 1, the
2-particle correlation function is obtained as:
R2 =
{
N(N−1)
mπL
(2m− y2) 12 , y2 < 2m
0, y2 > 2m.
(56)
For n = 2, the 4-particle correlation function is obtained as:
R4 =
N !(m− 2)!
L2m!(N − 4)! (1− Y (s)), s =
2
√
m
π
|y1 − y2|. (57)
The expressions of Y (s) for various λ are as given in Ref.[18].
It should be noted that the correlation functions for the eigenvalue problem of HˆL2 for the
potential VL2(z
+
i ) = −VI(z+i ) can be obtained in a similar manner as discussed above for the
eigenvalue problem of HˆL1 for the potential potential VI(z
−
i ). This is an important result due
to the duality symmetry (21), since the potentials VL2(z
+
i ) and VI(z
−
i ) correspond to entirely
different physical systems when expressed in the xi coordinates.
3.2.3 Solution for VII
For the potential VII in Eq. (39) and kj = k∀ j, Eq. (24) reduces to the following form:
m∑
j=1
(
−∂2zj +Ω2z2j
)
ψ +
m−1∑
i=1
2g
(zi − zi+1)2
ψ −
m−1∑
i=2
2Gψ
(zi−1 − zi)(zi − zi+1) = −E˜ψ, (58)
and the solutions are taken to be of the form:
ψn =
m−1∏
i=1
(zi − zi+1)λφ(r)Pl(z), g = λ(λ− 1), G = λ2. (59)
where Pl(z1, . . . , zm) is a translation-invariant homogeneous polynomial of degree l ≥ 0[42]. The
normalizable solutions for φ can readily be obtained as[42]:
φn(r) = exp [−1
2
Ωr2]Lbn[Ωr
2], n = 0, 1, 2, 3... (60)
with Lbn being the Laguerre polynomial and b =
−E˜
2Ω − 2n− 1. The energy eigenvalues are
E˜ = −2Ω[2n+ l + m
2
+ λ(m− 1)]. (61)
It should be noted that the energy eigenvalues become negative, unless Ω < 0. This fact neces-
sitates the normalization of the wave functions in proper Stoke wedges. Since, the total wave
function χ corresponding to the potential VII has the asymptotic form of Eq. (31), the normal-
ization in proper Stoke wedges is the same as considered at the end of section-3. The expression
for E and its fully quantized form may be obtained in a similar way as in the case of VI and may
be written as
E = −2Ω[2n+ l + m
2
+ λ(m− 1)] + 2mπ
2ω2i2
L2Ω2
, Ω < 0, i = 0, 1, 2, . . . . (62)
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It may be noted that this is not the complete spectra due to the assumption kj = k∀ j. It is not
apparent whether or not analytical eigen spectra may be obtained for VI with m independent
kj ’s.
The eigenvalue problem of HˆL2 for the potential VL2(z
+
i ) = −VII(z+i ) can also be studied by
using the duality transformation (21). The energy spectra for the eigenvalue problem of HˆL2 for
the potential VL2(z
+
i ) = −VII(z+i ) may be written by exploiting the duality symmetry, in the
following form:
E = 2Ω[2n+ l +
m
2
+ λ(m− 1)]− mk
2ω2
2Ω2
. (63)
The eigenvalue is bounded from above for Ω < 0 and the wave-function is normalizable in the
same Stoke wedges in the complex z+i planes as in the case of VII(z
−
i ). In this case the box-
normalization may also be used to obtain complete spectra as discussed for the Hamiltonian HˆL1
with the potential VII(z
−
i ).
3.2.4 Correlation functions for the potential VII
The ground state wave function for the potential VII is given by:
χ ∼
m−1∏
i=1
|zi − zi+1|λ exp

−Ω
2
m∑
j=1
z2j

 , (64)
which is independent of z+i . A scale transformation yi =
√
Ω
λ
zi of zi coordinates gives,
|χ|2 = C
m−1∏
i=1
|yi − yi+1|2λ exp

 m∑
j=1
−λy2i

 , (65)
where C is the normalization constant. The box normalization and the integration over z+i
coordinate are as discussed before for the case of calculating the correlation function for the
potential VI . Apart from a constant factor the two and four particle correlation functions for the
potential VII can be mapped to the one and two point correlation functions as discussed in Ref.
[42] for the potential VII . Therefore, in the present case the two and four particle correlation
functions for the potential VII are respectively given as:
R2 =
N(N − 1)
2πL
√
|Ω|√
2π(1 + λ)
exp[− |Ω|z
2
1
2(1 + λ)
], (66)
Rλ4 (s) =
N !(m− 2)!
L2m!(N − 4)!
λ∑
k=1
Bkexp[(1 + λ)s{Bk − 1}], B = exp( 2iπ
1 + λ
), (67)
for any integer λ.
It should be noted that the correlation functions for the eigenvalue problem of HˆL2 for the
potential VL2(z
+
i ) = −VII(z+i ) can also be obtained in a similar manner as discussed above
for the eigenvalue problem of HˆL1 for the potential potential VII(z
−
i ). This is an important
result and is the manifestation of the duality symmetry (21). It should be noted that although
the potentials VL2(z
+
i ) and VII(z
−
i ) have the same functional form, they correspond to entirely
different physical systems when expressed in the xi coordinates.
18
4 Rotationally invariant potential
The Lagrangian of BO is invariant under hyperbolic rotation and the same symmetry persists
in the quantum case. Stable classical solutions are not possible, if the two oscillators of Batman
Hamiltonian are coupled maintaining this rotational symmetry and the result remains unchanged
for a generalized model with 2m particles[12]. The quantum problem of the Hamiltonian in Eq.
(7) with a rotationally symmetric potential is considered in this section. The radial variable R
in the pseudo-Euclidean co-ordinate with the metric gij = (−1)i+1δij is defined as,
R2 = 2
m∑
i=1
x2i−1x2i =
m∑
i=1
[(
z+i
)2 − (z−i )2] , (68)
and the potential is taken to be V ≡ V (R). It should be noted that in this case the condition
(16) is automatically satisfied and the Hamiltonian becomes both PT and P1T symmetric. The
Hamiltonian in Eq. (7) with γ = 0 is rotational invariant. It may be noted that the rotational
invariance of the Hamiltonian is partially lost for γ 6= 0, since the term linear in γ is the sum of
angular momenta for rotations in m planes specified by ‘z−i − z+i ’. The Hamiltonian is invariant
under rotation when the planes of rotations are chosen as ‘z−i − z+i ’. The m integrals of motion
Li may be defined for this system which are in involution. In particular,
Li = −i
(
z+i
∂
∂z−i
+ z−i
∂
∂z+i
)
, [Li, Lj ] = 0, [H,Li] = 0, (69)
implying that the system is at least partially integrable. It may be noted that the integrals of
motion can also be identified as generators of rotation in m planes of rotations ‘z−i − z+i ’.
It is found in Ref. [12] that the classical solutions for a chain of nonlinear oscillators belonging
to this class of models are unstable. It may be shown that the quantum Hamiltonian with generic
rotationally invariant potential V (R) does not admit entirely real spectra. There are complex as
well as real eigenvalues in the spectra, implying the existence of growing and decaying modes.
To see this, an imaginary scale transformation,
z−i → −iz−i , Pz−
i
→ iPz−
i
, z+i → z+i , Pz+
i
→ Pz+
i
, (70)
is performed on the Hamiltonian (8) which reduces to the following form:
H = H+ iγL,
H =
m∑
i=1
(P 2
z
+
i
+ P 2
z
−
i
)− γ
2
4
R˜2 + V (R˜), L =
m∑
i=1
(
z+i Pz−
i
− z−i Pz+
i
)
, (71)
where R˜ is the radial variable in the 2m dimensional Euclidean space. It may be noted that
after the imaginary scale transformation has been performed, the quantum problem is defined in
a Hilbert space in which H and L are hermitian[43, 44]. The operator L has the interpretation
of the sum of angular momentum operators in Euclidean space corresponding to rotations in
m planes of rotations ‘z−i − z+i ’. The operators H and L commute with each other and there-
fore admit simultaneous eigen states. With the suitable choices of V (R˜), entirely real spectra
with normalizable eigenfunctions may be obtained for H. However, due to the presence of the
imaginary coupling iγ, the eigenvalues of H become complex with the exceptions for the cases
corresponding to the zero eigenvalue of the operator L. As an example, the Hamiltonian[43, 44]
of the Pais-Uhlenbeck oscillator(PUO) after an imaginary scale transformation of variables as
above has been performed is similar to H for the choice of the potential,
V (R˜) =
ω2
4
R˜2, ω2 > γ2. (72)
19
It is known[43, 44] that consistent quantum mechanical description with well defined bound
states is possible for PUO. Thus, the Hamiltonian H does not admit entirely real spectra due
to the coupling iγ in the second term. It follows from the discussions above that the necessary
condition for a Hamiltonian describing a system with balanced loss and gain to admit entirely
real spectra is, [
V ({z−i }, {z+i }), Li
] 6= 0 ∀ i. (73)
In other words, the vanishing commutators among V ({z−i }, {z+i }) and Li’s imply that the spectra
contains complex eigenvalues. Consequently, no bound states can be formed.
5 Systems with O(2, 1) symmetry:
The BO has dynamical SU(1, 1) symmetry[33] which can be used to find its complete spectra.
The purpose of this section is to investigate systems with balanced loss and gain with specific class
of V such that dynamical SU(1, 1) is preserved. Further, it is known that systems with inverse-
square interactions are examples of conformal quantum mechanics and appear in diverse branches
of physics[45, 21, 46]. The basic underlying symmetry of such systems are O(2, 1) which is related
to SU(1, 1). The rational CMS models belongs to this class and the entire spectra corresponding
to radial excitations may be found by using the underlying O(2, 1) symmetry. The CMS-type
models discussed in Sec. 3.1.1 appear as an effective system with reduced degrees of freedom. In
this section, O(2, 1) symmetric systems with N = 2m degrees of freedom are discussed.
Three operators H0, D and K are defined in the following fashion:
H0 =
1
2
m∑
i=1
(
Π2
z
+
i
−Π2
z
−
i
)
+ Vc(z
−
i , z
+
i ),
D = −1
4
m∑
i=1
(
z+i Πz+
i
+ z−i Πz−
i
+Πz+
i
z+i +Πz−
i
z−i
)
,
K =
1
2
m∑
i=1
(
z+i
2 − z−i
2
)
=
R2
2
, (74)
where the potential Vc(z
−
i , z
+
i ) is a homogeneous polynomial of degree −2,
m∑
i=1
[
z−i ∂z−
i
+ z+i ∂z+
i
]
Vc(z
−
i , z
+
i ) = −2Vc(z−i , z+i ). (75)
The Hamiltonian is PT symmetric for Vc(z−i , z+i ) = Vc(z−i ,−z+i ). The operator K is PT sym-
metric, while D is not invariant under PT . The operators H0, D and K satisfy the O(2, 1)
algebra:
[H0, D] = iH, [H0,K] = 2iD, [D,K] = iK. (76)
The operators,
K1 =
1
2
(K +H0) , K2 =
1
2
(K −H0) , K3 = D, (77)
satisfy the SU(1, 1) algebra:
[K1,K2] = iK3, [K1,K3] = iK2, [K3,K2] = iK1. (78)
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With the choice of the potential V (z−i , z
+
i ) in Eq. (8) as,
V (z−i , z
+
i ) = 2Vc(z
−
i , z
+
i ) + β
2R2, (79)
the Hamiltonian H can be expressed in terms of H0 and K as,
H = 2(H0 + β
2K). (80)
Note that H is PT symmetric. In the limit of vanishing β, H and H0 are related as H = 2H0.
It is argued in the previous section that the spectra is not entirely real for rotationally invariant
V . In order to avoid such situation, it is assumed that Vc is not rotationally invariant.
The eigenvalue problem of H is discussed below with the help of the O(2, 1) symmetry.
Following coordinate transformation is employed:
z+1 = R cosh θ1,
z−1 = R sinh θ1 cosh θ2,
......................................
z+m = R sinh θ1 sinh θ2 sinh θ3....... cosh θ2m−1,
z−m = R sinh θ1 sinh θ2 sinh θ3....... sinh θ2m−1. (81)
In this 2m dimensional coordinate, the Hamiltonian H can be re-written as,
H = Π2R + β
2R2 +
C˜
R2
, C˜ = 4C −m (m− 2) , (82)
where Π2R = −( ∂
2
∂R2
+ (2m−1)
R
∂
∂R
) is the radial part of the conjugate momenta, C is the Casimir
operator of the O(2, 1) symmetry,
C =
1
2
(H0K +KH0)−D2 (83)
=
1
4

 m∑
i<j
−L2ij +R2V +m(m− 2))

 , (84)
and Lij =
(
z+i Πz−
j
+ z−i Πz+
j
)
are the components of angular momentum operators. The Hamil-
tonian H can always be separated into a radial part and an angular part in the 2m dimensional
coordinate defined by Eq. (81), since the term R2V contains only the angular variables. In
particular, the equation for the radial variable R may be obtained from the time independent
Schrodinger equation Hξ(R)Y (θi, φi) = Eξ(R)Y (θi, φi) in the following form,
d2ξ
dR2
+
(2m− 1)
R
dξ
dR
+ (E − β2R2 − C
′
R2
)ξ = 0, (85)
where C′ is the eigenvalue of the operator C˜. The normalizable solution of the radial variable
equation can readily be obtained as:
ξ(R) = CNR
2sexp[−β
2
R2]L2s+m−1n (βR
2), s =
−(m− 1) +
√
C ′ + (m− 1)2
2
, (86)
where CN is normalization constant. The energy spectrum is given by:
En = 4β(n+ s+
m
2
). (87)
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The asymptotic form of the wave-function may be written as:
ξ(R) ∼ exp[−β
2
m∑
i=1
((z+i )
2 − (z−i )2)]. (88)
The 2nd term in the exponential of Eq. (88) for β > 0, i. e. β2
∑m
j=1(z
−
j )
2, is a source of
divergence. However,
∑m
j=1(z
−
j )
2 vanishes in a pair of Stoke wedges with opening angle π2 and
centered about the positive and negative imaginary axes in the complex z−j -planes. It may be
noted that a complete knowledge of the spectra involves analysis of eigenvalue equation for the
angular variables. The form of the potential is to be specified for such an analysis which is left
for future investigation.
6 Summary and discussion
The quantization of many-body systems with balanced loss and gain of Ref. [12] has been inves-
tigated in this article. It has been argued that the quantum Hamiltonian can be interpreted as
an interacting many-body system in the background of a pseudo-Euclidean metric and subjected
to uniform “magnetic field” proportional to the gain/loss parameter γ. The analogous “magnetic
field” is perpendicular to each plane formed by the pair of co-ordinates related to balanced loss
and gain. Further, it is shown that either symmetric gauge or Landau gauge may be used to solve
the quantum problem. The Hamiltonian corresponding to these two gauge are related through
an unitary transformation and at the classical level, the corresponding Lagrangian differ by a
total time derivative term.
Two types of many-body systems characterized by either (i) translational invariance or (ii)
rotational invariance in a space endowed with the metric gij = (−1)i+1δij have been considered.
For the case of translational invariant systems, the Landau gauge Hamiltonian has been used,
since the wave-function of a symmetric gauge Hamiltonian is not suitable for box-normalization
for the co-ordinates associated with continuous spectra. This is a reminiscent of the fact that
two Lagrangian differing by a total time-derivative term may not lead to the same quantum
theory, although the classical dynamics is identical for the two cases. Thus, the correct route
for quantization of the system is to start from the Lagrangian that leads to Landau gauge
Hamiltonian, instead of obtaining HˆL1(HL2) from Hˆ via the unitary transformation.
For translational invariant system, the original eigenvalue equation in terms of 2m degrees of
freedom is reduced to an eigen-value equation of an effective Hamiltonian in terms of m degrees
freedom. This reduction is possible due to the existence of m integrals of motion. If the eigen-
value problem for this effective Hamiltonian is solvable, then the starting Hamiltonian is also
solvable. Three examples have been considered: (i) coupled harmonic oscillators, (ii) rational
CMS-type many-body systems with balanced loss and gain, where each particle is interacting
with other particles via four-body inverse-square potential plus pair-wise two-body harmonic
terms and (iii) a many-body system interacting via short-range four-body plus six-body inverse
square potential with pair-wise two-body harmonic terms. The eigenvalues of these systems are
partly discrete and partly continuous. The box-normalization has been used for the co-ordinates
associated with continuous spectra and a fully quantized eigen spectra have been obtained.
Further, proper Stoke’s wedge has been identified so that energy is bounded from below and
the corresponding eigenfunctions are normalizable. The exact correlation functions have been
obtained for models (ii) and (iii). Apart from an overall multiplication factor, these correlation
functions are identical with the corresponding quantities for the effective Hamiltonian.
A partial set of integrals of motion has been obtained for many-body systems with balanced
loss and gain and generic rotationally invariant potential. It has been argued on general ground
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that eigen spectra of such systems are not entirely real and unstable quantum modes are present.
Radial excitations are obtained analytically for systems with O(2, 1) symmetry.
Examples of exactly solvable models are very rare to find in physics. The models considered
in this article include many-body systems with balanced loss and gain for which exact eigen-
values, eigenfunctions and more importantly, a few-particle correlation functions are obtained
analytically. It appears that no other exactly solvable many-body system with balanced loss and
gain having nonlinear coupling is known in the literature for three or more particles. Thus, the
model presented being only one of its kind, the result is immensely significant from the viewpoint
of exactly solvable and integrable models.
A very pertinent question one would like to pose is whether or not the solvable model is of
sufficient interest from the viewpoint of physical applications? It is not apparent whether there
exists any specific physical set-up, where the proposed system can be realized experimentally.
However, the importance of the results lies elsewhere. It may be recalled that the Calogero
model does not directly represent any experimentally realizable system, yet, it appears in the
study of various diverse subjects, ranging from cosmology to condensed matter systems. Its
relevance in the context of exclusion statistics [22], symmetric polynomials [47], random matrix
theory [48, 49], Yang-Mills theory [50], conformal quantum mechanics [50, 51], spin chains [24]
with long range correlations are worth mentioning. An important aspect that is central to all
types of Calogero model is that the many-body interaction scales inverse-squarely. The models
presented in the article share this property, raising the expectation that some of the features of the
standard Calogero model may also be present for the systems under considerations. The example
of conformal quantum mechanics is alreday presented in Sec. 5 within the context of many-body
system with balanced loss and gain. The permutation symmetry in the models described in Sec.
3 is realized in a restricted form which may lead to a different kind of statistics obeyed by the
particles that should lead to the standard exclusion statistics in the limit of vanishing loss and
gain. Further, the n-particle correlation functions are computed using known results of random
matrix theory, which indicates that the model may be obtained as a reduction of some matrix
models and Yang-Mills theory. A possible connection of the system with quantum chaotic system
is worth exploring. Within this background, the results of the article should be seen as a first
step towards unraveling a new class of solvable models with balanced loss and gain which may
have relevance in the wider context.
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